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1 Introduction

Markov Chains are statistical models that are useful for modeling random pro-
cesses. Specifically, Markov Chains are used to describe sequences of events that
are independent from one another—in other words, they are useful for situa-
tions where the occurrence of a past event has no impact on the chance that
future events will occur. Additionally, Markov Chains provide insight into what
happens to these events as time goes to infinity. The applications of Markov
Chains range extensively, from modeling exchange rates of currencies to under-
standing population growth. In this project, we will use Markov Chains
to model the spread of disease through a small population. We begin
with a simple model, using four possible states— Susceptible (S), Exposed (E),
Infected (1), and Recovered(R)— and then extend it further.

2 Background

Markov Chains, as described above, are mathematical descriptions used to de-
scribe how a multi-state system advances from one (independent) state to an-
other according to probabilistic rules. Markov Chains can be written as transi-

tion matrices in which each column of the matrix represents the current states



and each row represents the possible states we could transition to. The station-

ary probability distribution

3 Calculations

3.1 SEIR Model

We model the spread of disease using a model with four states: Susceptible (S),
Exposed (E), Infected (I), and Recovered (R) and refer to this model as an SEIR
Model. The graphical representation of the Markov Chain and its corresponding

transition matrix are shown below.
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Figure 1: Graphical Representation of Markov Chain for SEIR Model
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Figure 2: Markov Transition matrix for SEIR Model
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Transition Matrix 1: SEIR Model with using probability value

The probability that an exposed individual will be in each state after one

day of exposure is shown below.

Initial state(Xy) = [0 100

Xox P = {0.4 0 0.3 0.3]

The probability that a susceptible individual will be in each state after 5

days of exposure is shown below.
Initial state(Xy) = [1 0 0 O}
Five days of exposure = X * P% = {0.46501 0.14655 0.04761 0.34083

The probability that an individual will be in state R after 5 days is 0.34083 =
34.01%.



3.2 Stationary Probability Distributions

In this section, we analyze the stationary probability distribution of our model.
We begin by finding the stationary states for two different initial conditions
by running the Markov Chain until the probability of being in every state ap-
proaches a limit. We note that changes associated with the initial state vectors
do not affect the stationary distributions. Then, we demonstrate that the sta-
tionary distribution is unique and can be computed from only the transition

matrix if the structure of the transition matrix is known.
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Figure 3: The probability of being in each state for an individual who is 100%
susceptible to the disease

Because it appears that the probability of being in each state has remained
stable and constant for over 2/3 of our sampling time, we can assume that we
know the stationary distribution of this case to within a reasonable error.

The stationary distribution for an individual who is 100% susceptible to the

disease is reported below.



Susceptible ‘ Exposed ‘ Infected ‘ Recovered

0.4367 ‘ 0.1310 ‘ 0.0393 ‘ 0.3930

Probability Over Time of an Individual with an 85% Chance of Exposure
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Figure 4: The probability of being in each state for an individual who has an

85% chance of exposure (and 15% susceptibility) to the disease

The stationary distribution for an individual with an 85% chance of exposure

and 15% susceptibility is reported below.

Exposed ‘ Infected ‘ Recovered

Susceptible

0.4367 ‘ 0.1310 ‘ 0.0393 ‘ 0.3930

If we compare the values of the probabilities in figures 2 and 3, the major
differences are accounted for in the first 10 iterations. A plot of these differences

is shown below.
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Figure 5: The absolute difference between the probabilities for an individual
who is 100% susceptible and an individual who is 85% chance of exposure.

The differences in the initial state vectors can be accounted for by the fact
that being exposed greatly increases the chance of an individual contracting the
disease and becoming infected. For an individual who is 100% susceptible but
has no chance of becoming exposed to the disease, they may remain susceptible
(but not become exposed or infected) for a long period of time. In other words,
it is a more stable state, because the likelihood of a change in state is lower,
particularly in the first 3 days. This is evident in the relatively smooth curves
in the probability curves in Figure 3. However, an 85% chance of exposure
to the disease causes the probabilities of the other states to spike in the first
three days, meaning that a change in state is likely during these days, and then
rapidly stabilize. After 10 days, the probability of being in each state stabilizes
to the same value. The differences in the initial state vectors do not influence

the reported stationary distributions.



Using an initial state vector x¢ and a transition matrix for a Markov Chain P
whose structure is known, we compute the stationary distribution of the Markov
Chain without iterating.

Relevant equations:

Definition of eigenvector, where A is a square matrix and X is a scalar.

Ail = i (2)

If P is an n-dimensional transition matrix with n distinct eigenvalues, it
has n distinct eigenvectors. We can express zy as a linear combination of the
eigenvectors of P.

70 = €107 + CoUs + ... + cpUy, (3)

Using the linear combination found above and the definition of an eigenvector
(Equation 2), we can express the N-step state vector 7y of the Markov Chain

in terms of the transition matrix’s eigenvalues and eigenvectors.
=~ _pN . . -
N =PV (101 + 203 + ... + cptn)

=, PN0; + oPNub + ... + ¢,PV o,

Since we know that

Pu = A (5)
from Equation 2, we conclude that P = A. Equation 4 becomes the following:
TN :cl/\{vvﬁ —1—02)\?@3—1—...4—0”)\5@} (6)

If the stationary distribution is unique, the magnitudes of the eigenvalues can
be ordered
Al > A2l > oo > A (7)



The largest eigenvalue of the matrix is always
A =1 (8)

Since we know all eigenvalues except for Ay will be strictly less than 1, and by

Equation 8, all terms except the first will go to zero.
Nli_r}rloocl)\{vv'i +02/\§Vv§ —&—...—i—cn/\ﬁ[v} = cl)\{vv_i =101 (9)
Eigenvalues for Transition Matrix:
A1 =1> X2 =0.5496 > A3 = 0.1579 > Ay = —0.2075 (10)

FEigenvectors for Transition Matrix:

0.7239 —0.4571 —0.1291 —0.3136
_lo2ir2| | |-02495| | |-02452| | 04534
1= , U2 = , U3 = , Vg =

0.0652 —0.1362 —0.4660 —0.6557

0.6515 0.8428 0.8403 0.5158

Since v7 corresponds to the first eigenvalue A1, we get the stationary distri-
bution by normalizing the vector and we determine that ¢; = 1/(sum elements
of v7) ~ 1/1.6578.

Stationary Distribution:

Susceptible | Exposed ‘ Infected ‘ Recovered

0.4367 ‘ 0.1310 ‘ 0.0393 ‘ 0.3930

The absolute error in the computed stationary distribution at each iteration

step is



(Abs.Error), = | Xoo — 27|

(11)

We again perform 31 steps of the SEIR Markov chain and plot the semilog-y

of the absolute error against the iteration graph below.
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Figure 6: The plot of the log(absolute error) against iteration step. Note that

the result of the graph is linear.

Since the plot is linear on the semi-log y-axis, we conclude that the Markov

Chain converges exponentially toward the stationary distribution.

3.3 Further Extending the Model

We now add a fifth state called the Immune (Im) state to extend our model.

The new graphical representation of the Markov Chain for the SEIR-Im model

is shown below, along with its corresponding probability matrix.
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Figure 7: Graphical Representation of Markov Chain for SEIR-Im Model
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Figure 8: Markov Transition matrix for SEIR-Im Model
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Probability Over Time of an Initially Susceptible Individual
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Figure 9: A plot of the probability of being in each state for individual who is
100% susceptible over the course of 250 days
Stationary distribution:

Exposed ‘ Infected ‘ Recovered ‘ Immune

Susceptible

0 0 0 0 1

The stationary distribution for the SEIR-Im model is different from the SEIR,
model because the transition matrices are different. As a result the eigenvector
we use to calculate the stationary distribution will be different, and therefore
the stationary distribution will change.

If the only way to develop immunity to the disease is through vaccination,

our Markov Chain will change. We represent this new Markov Chain using the
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transition matrix below.

07 03 0 0 0 0
0 0 05 05 0 0
0O 0 0 1 0 0
pP= (12)
02 0 0 08 0 0
0 0 0 0 02 075
0 0 0 0 0 1

Transition Matrix 2: SEIR-VIm Model with using probability value

The eigenvalues of the new transition matrix were computed and are shown
below.
A1 = —0.1714 + 0.0000¢
A2 = 0.3357 + 0.2497¢
Az = 0.3357 — 0.2497¢
A4 = 1.0000 + 0.0000¢
As = 1.0000 + 0.0000¢

Ag = 0.2500 + 0.00004
The multiplicity of the eigenvalue A = 1 is 2. This implies that the stationary

distribution is not unique. The structural feature(s) of the transition matrix
that might account for this are the 4x4 matrix in the top left corner within
the transition matrix and the 2x2 matrix in the bottom right corner. These
two matrices represent the SEIR and VIm parts of the probability distribution,
respectively. There are two columns of zeros on the right representing the VIm
states, which means there is no way to get from the SEIR states to either of the
VIm states. The bottom two rows of zeros can be interpreted the same way;
there is no way to get from the VIm states to the SEIR states. Thus, there

must be multiple stationary distributions.
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The graph below shows the probability of being in each state at a given

iteration for an individual who is susceptible to the disease with probability 1.

Probability Over Time of an Initially Susceptible Individual

09 | —— Susceptible —— Exposed
’ —— Infected Recovered
0.8 1 Immune —— Vaccinated

0.7 1
0.6 +
0.5+
0.4
0.3 1

02 T K

01|

3 6 9 12 15 18 21 24 27 30
Days

Probability

e

Figure 10: Plot of the probability of being in each state for an individual who is
initially 100% susceptible over the course of 30 days using the SEIR-VIm model

Stationary Distribution:

Vaccinated

Susceptible | Exposed ‘ Infected ‘ Recovered ‘ Immune

0

0.3390 ‘ 0.1017 ‘ 0.0508 ‘ 0.5085 ‘ 0
The graph below shows the probability of being in each state at a given
iteration for an individual with a 33% chance of susceptibility and a 67% chance

he or she was vaccinated.
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Probability Over Time of an Individual with a 67% of Vaccination
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Figure 11: The plot of the probability of being in each state for an individual
who is initially 33% susceptible and has a 67% chance of being vaccinated, over
the course of 30 days using the SEIR-VIm model

Stationary Distribution:

Susceptible Vaccinated

Exposed ‘ Infected ‘ Recovered ‘ Immune

0.119 ‘ 0.0336 ‘ 0.0168 ‘ 0.1678 ‘ 0.67 ‘ 0

Based on the results above, the stationary distribution depends on the ratio
of individuals that begin in the SEIR states or in the VIm states. In the sta-
tionary distribution for an individual who is 100% susceptible, the stationary
distribution has no individuals that end up in the Immune or Vaccinated states.
In the stationary distribution for an individual who is 33% susceptible to disease
and has a 67% chance of being vaccinated, the chance of ending up in the SEIR
states is 33% times the probabilities of those in the SEIR states for the station-
ary distribution of 100% susceptibility—the ratios align. Additionally, all 67%
of individuals who get vaccinated end up Immune; this is the exact probability

of the chance of vaccination. There is no crossover between the SEIR popula-
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tion and the VIm population, because there is no path between the two. This
is predicted by the same structural feature of the transition matrix as described

on page 12.

4 Conclusion

Ultimately, we conclude that all vaccinated individuals have a 100% immunity
rate to the disease. Getting vaccinated is better for society than not getting
vaccinated due to the model showing there is no feasible way to translate from

SEIR states to a state of immunity.

Appendix
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clear all;
close all;

%Wnitally Exposed

XE = [0, 1,0,0];
OneDay = XE*P;

di sp(OneDay) ;
%Wnitally Exposed

XS =[1,0,0,0];
Fi veDays = XS*P/5;

di sp(Fi veDays) ;
0. 4000 0 0. 3000 0. 3000

0. 4650 0. 1465 0.0476 0. 3408

Stationary Probability Distrubutions

% reating a 31 interated matrix for susceptible
Siteration = zeros(31,4);

for i=1:31
val = XS*Pr(i-1);
Siteration(i,1:4) = val/sunm(val);




end

csvwite("3[la].csv",S iteration);

%> aphing Probabilities
figure(l)

hol d on

plot(1:31,S iteration(1:31,1))
plot(1:31,S iteration(1:31,2))
plot(1:31,S iteration(1:31,3))
plot(1:31,S iteration(1:31,4))

| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered")
x| abel (" Days")

yl abel (" Probability")

title("Susceptible Persons Probabilty Over Tine")

hol d of f

% reating a 31 interated matrix for susceptible and exposed
SE iteration = zeros(31,4);

for i=1:31

val = [.15,.85,0,0]*P"(i-1);

SE iteration(i,1:4) = val/sumval);
end

csvwite("3[2a].csv",SE iteration);

%> aphing Probabilities
figure(2)

hol d on

plot(1:31,SE iteration(1l:31,1))
plot(1:31,SE iteration(1l:31,2))
plot(1:31,SE iteration(1l:31,3))
plot(1:31,SE iteration(1l:31,4))

| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered")

x| abel (" Days")

yl abel (" Probability")

titl e("Exposed and Suscepti bl e Persons Probabilty Over Tinme")

hol d of f




figure(3)

hol d on

plot(1:11, abs(SE iteration(1:11,1)-S iteration(1l:11,1)))
plot(1:11,abs(SE iteration(1:11,2)-S iteration(1l:11,2)))
plot(1:11, abs(SE iteration(1:11,3)-S iteration(1l:11,3)))
plot(1:11, abs(SE iteration(1:11,4)-S iteration(1l:11,4)))

| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered")

x| abel (" Days")
yl abel ("Di ference in Probability")
title("Di fferance Over Tine")

hol d of f

% i ndi ng staeady state sol utions
loc = find(eig(P )==max(eig(P)));
[V.D = eig(P);

M= V(:,loc)' ;M= M/sumM;

di sp("Staedy State Solution")

di sp(M

csvwite("3[3].csv",abs(SE iteration-S_iteration));

% 3.1 4d/ 1111111

error = zeros(31,4);
for i=1:31
N = XS*PM(i-1)./sum( XS*Pr(i-1));
error(i,1:4) = log(abs(N-M);
end

figure(8)

hol d on
plot(1l:31,error(1:31,1))
plot(1l:31,error(1l:31,2))
plot(1l:31,error(1l:31,3))
plot(1:31,error(1:31,4))
| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered")
x| abel (" Days")

yl abel (" Probability")
title("3.1 4d")

hol d of f

csvwite("3[4d].csv",error);




%SEl R- 1 m npdel

PPm=1.7,.3,0,0,0;
.4,0,.3,.3,0;
0,0,0,1,0;
1,0,0,.8,.1,
0,0,0,0,1];

% reating a 31 interated matrix for susceptible
SEIR IMiteration = zeros(250,5);

for i=1:251

val =1[1,0,0,0,0]*PI m(i-1);

SEIR IMiteration(i,1:5) = val/sum(val);
end

%> aphing Probabilities
figure(4)
hol d on

plot(1:251, SEIR IMiteration(1l:251,1))
plot(1:251, SEIR IMiteration(1l: 251, 2))
plot(1:251, SEIR IMiteration(1l: 251, 3))
plot(1:251, SEIR IMiteration(1l: 251, 4))
plot(1:251, SEIR IMiteration(1l:251,5))

| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered", "I mune")
x| abel (" Days")

yl abel (" Probability")

title("SEIR- 1 m Mdel Using a Susceptible Person")

hol d of f

csvwite("3[5c].csv',SEIR IMiteration);

Staedy State Sol ution
0. 4367 0.1310 0. 0393 0. 3930




Susceptible Persons Probabilty Over Time
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SEIR-Im Model Using a Susceptible Person

1 _
Susceptible
0.9 Exposed
Infected
0.8 Recovered
Immune
0.7 i
= 06 f
5 |
2 o5
<] | |
| |
04l |
fﬁ.\'
0.3 —ll \
0.2 kﬁ
I
0.1 |:x\ N
0 I} ":Enu':———l i i i i
1] 50 100 150 200 250

Days

% i ndi ng ei genval ues
Ei genVal ues = eig(P_SEIR IW');

%Cal ul ati ng Susceptibility
SEIRI MV _iteration = zeros(30,6);
for i=1:31

val =[1,0,0,0,0,0] *P_SEI R | M"i;

SEIRI MW _iteration(i,1:6) = val/sun(val);

end

%> aphi ng Probabilities
figure(5)

hol d on

300




plot(1:31, SEIRIMW iteration(1:31,1))
plot(1:31, SEIRIMW iteration(1:31,2))
plot(1:31, SEIRIMW iteration(1:31,3))
plot(1:31, SEIRIMW iteration(1:31,4))
plot(1:31, SEIRIMW iteration(1l:31,5))
plot(1:31, SEIRIMW iteration(1:31,6))
| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered", "l mune", " Vaci nat ed")

x| abel (" Days")
yl abel (" Probability")
title("SEIR- 1 mV Model Using a Susceptible Person®)

hol d of f
csvwite("4[3].csv",SEIRIMW iteration)
SEIRIMW2_iteration = zeros(30,6);

for i=1:31
val =1[.33,0,0,0,0,.67]*P_SEIR | MW"(i-1);
SEIRI W2 iteration(i,1:6) = val/sum(val);
end

%> aphing Probabilities
figure(6)

hol d on

plot(1:31, SEIRIMW2_ iteration(1l:31,1))
plot(1:31, SEIRIMW2_ iteration(1l:31,2))
plot(1:31, SEIRIMW2_ iteration(1l:31,3))
plot(1:31, SEIRIMW2_ iteration(1l:31,4))
plot(1:31, SEIRIMW2_ iteration(1l:31,5))
plot(1:31, SEIRIMW2_ iteration(1l:31,6))

| egend( " Suscepti bl e", "Exposed", "I nfect ed", "Recovered", "l mmune", "Vacci nat ed")
x| abel (" Days")
yl abel (" Probability")
title("SEIR- 1 mV Mbdel Using a Susceptible = 0.33 and Vaccinatied =
0.67 Person")
hol d of f

csvwite("4[4].csv", SEIRIMW2_ iteration)
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